We study the existence of positive solution for the equation −Δu = λ(u + u 2 + u 3 ) for x ∈ Ω whit Dirichlet boundary condition. And show that for every λ < λ 1 , where λ 1 is the first eigenvalue of −Δu = λu in Ω with the Dirichlet boundary condition, the equation has positive solution while no positive solution exists for λ ≥ λ 1 .
Introduction
Consider the boundary value problem
Where Δ is the standard Laplace operator, where Ω is a bounded domain in R N (N ≤ 4) with smooth boundary .
Let 0 < λ 1 < λ 2 ≤ λ 3 ≤ ... be the eigenvalues of −Δ with zero Dirichlet boundary condition in Ω. Let H be Sobolev space H |∇u| 2 − λF (u)}dx by regularity theory for elliptic boundary value problem u is a solution of
iff u is a critical point of the functional
When J is bounded below on H, J has a minimizer on H which is a critical point of J. In many cases such as (1) J is not bounded below on H, but is bounded below on an appropriate subset of H and a minimizer on this set (if it exists) may give rise to solution of the corresponding differential equation. A good condidate for an appropriate subset of H is S = {u ∈ H −{0} : J (u), u = 0}.
preliminary Lemmas
and compute We define S ⊂ H and various subset of S:
Lemma 2.2 a) 0 is a local minimum of J. If u ∈ H − {0} then there exists
Proof(a) u ∈ H − {0} be a fixed function and define φ : → by
Differentiating φ yields
Thus every critical point of φ in (0, ∞) is a strict local maximum, and hence φ has at most one critical point in (0, ∞) .Using poincare's inequality,
2) we see that φ (t) > 0 for t > 0 small. Since we also have φ(0) = 0 the above comments imply that J has a local minimum of 0 at 0 ∈ H.On the other hand φ (t) → −∞ as t → ∞ therefore φ has unique zerot ∈ (0, ∞) andt ∈ S thus φ (t) = γ(tu) t > 0 for t <t and similarly φ (t) = γ(tu) t < 0 for t >t in particular, this shows that given u ∈ H such that γ(u) < 0 (γ(u) > 0) there exist α < 1 (α > 1) such that γ(αu) = 0, i.e, αu ∈ S . b) Since every critical point of J is in S, so the forward implication is obvious. Let u ∈ S be a critical point of J| S and T u S = {v : v ⊥ γ(u)} be the tangent space to S at u. Lagrange theorem follows that J (u)(v) = 0 for all v ∈ T u S and J (u)(v) = γ(u) = 0 Since the submanifold S has codimension 1 in H, we need only show u ∈ T u S to conclude ∇J(u) = 0 in fact, v ∈ T u S implies ∇γ(u), u = 0 while u ∈ S implies ∇γ(u), u < 0. c) For u ∈ S we recall that u 2 = Ω |∇u| 2 dx = Ω uf (u)dx it follows that
such that m ∈ [0, 1]. By the continuity of γ, the submanifold S is a closed subset of H. Since S ⊂ H is closed and 0 ∈ S, there exists δ > 0 such that if u ∈ S then u ≥ δ then this and (c.1) imply inf s J > mδ 2 2 > 0.
Lemma 2.3 Given w ∈Ŝ, there exist a path
)}. 
d)J(r(0)) < J(r(t)) < J(r(

Existence of positive solution
We define c 1 = inf G + J and take u n ⊂ G + with lim n→∞ J(u n ) = c 1 . Since J is coercive u n is bounded. By Sobolev imbedding theorem without loss of generality , we can assume that there existsū ∈ H ⊂ L p+1 such that
we see thatū > 0. We wish to show that u n →ū in H. If we assume to the contrary that u n →ū in H then without loss of generality we may assume that ū 2 < lim inf u n 2 . It follows that γ(ū) < lim inf γ(u + ) = 0 so by Lemma 2.(a) there exists 0 < α < 1, such that αū ∈ G + . Consequently, we get the following contradiction ,
We conclude that u n →ū in H, α = 1,ū ∈ G + and J(ū) = min G + J = c 1 by lemma 3 we see that w 1 =ū ∈ G + is a critical point of J and hence a positive solution to (1). Proof Let λ ≥ λ 1 be arbitrary and fixed.On the contrary ,we assume that u is a positive solution of (1.1), that is
Nonexistence Results
Let φ > 0 be the principal eigenfunction corresponding to principal eigenvalue λ 1 , that is
Multiplying (3) by φ, and (4) by u, and integrating over Ω give respectively ∇u.∇φdx = λ (uφ + u 2 φ + u 3 φ)dx (5) ∇u.∇φdx = λ 1 uφdx.
By subtracting (5) from (6) we obtain
and this is a contradiction as u and φ are positive and λ ≥ λ 1 , and so the problem (1) has no positive solution when λ ≥ λ 1 .
We now will show that when λ is sufficiently small then the positive solution u of (1) corresponding λ is very large . 
